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Abstract
We use the relation between certain diffeomorphisms in the bulk and Weyl
transformations on the boundary to build the conformal structure of the metric
in the presence of matter in the bulk. We explicitly obtain the conformal anomaly
in any spacetime dimension d in a holographic frame work in the case of gravity
coupled to the scalar fields. This way we also provide a holographic construction
of the bulk spacetime metric and of the matter fields in the bulk of this spacetime
out of sources that are related to conformal field theory data. With the latter,
we produce an asymptotic expansion of the bulk fields and scalar fields near the
boundary in terms of spacetime dimension in the context of the AdS/CFT corre-
spondence. We work out both the gravitational and matter conformal anomalies
of the boundary theory as a coefficient of the infrared logarithmic divergence
that appears in the on-shell action.
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1 Introduction
Holography prescribes a correspondence between a (d+1)-dimensional gravitational
theory and a d-dimensional field theory referred to bulk/boundary duality [1, 2]. The
AdS/CFT correspondence provides a precise dictionary between the bulk and bound-
ary physics [3, 4] with a rather exact computational frame work [3, 5]. It is proposed
in [3, 5] that the partition function of string theory on AdS spaces with determined
boundary conditions for the bulk fields corresponds to a generating functional of cor-
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relation functions in the conformal field theory (CFT). String theory at low energies
is understood as a supergravity theory that corresponds to the large N and strong
coupling regime of the CFT [6]. The boundary value of fields is playing the role of
sources for operators of the dual CFT1. For instance, the boundary metric couples to
the boundary stress-energy tensor. Also there is a correspondence between the infrared
divergences on the supergravity side and the ultraviolet divergences on the CFT side.
One may construct an asymptotically AdS space through solving the gravitational
equations coupled to scalars and the scalar field equation on this manifold, by using
the conformal structure at infinity and the boundary value of the scalars as initial
data. However, a boundary conformal structure does not determine the bulk metric
completely and one needs more CFT data to specify the solution to the higher order
terms in the asymptotic expansion of the solution for instance the expectation value
of the corresponding operators [7]. Although under certain assumption for example
conformally flat bulk metrics does yield the bulk metric up to diffeomorphisms [8]. Let
us emphasize that we do not have any assumption about the regularity of the solution,
since we only obtain the near boundary solution, therefore we simply do not confront
possible singularities in the interior of the bulk.
Any asymptotically AdS metric near the boundary in the Graham-Fefferman coor-
dinate systems [9] can be rewritten as [10, 11, 12]
ds2 = Gµνdx
µdxν = L2
(dρ2
4ρ2
+
1
ρ
gij(x, ρ)dx
idxj
)
, (1.1)
where2
g(x, ρ) = g(0) + · · ·+ ρ d2 g( d2 ) + ρ d2h( d2 ) log ρ+ · · · . (1.2)
The logarithmic term exists only in even dimensions. L is related to the cosmological
constant as Λ = − d(d−1)
2L2
. For simplicity throughout this paper we set L = 1. Metric
Gµν in (1.1) has singularity at infinity. However performing a (singular) conformal
transformation induces a well-defined boundary metric g(0) at infinity.
The AdSd+1 space has the curvature of G as
Rµνρσ = (GµρGνσ −GµσGνρ) +O(ρ). (1.3)
1We only assume that the dual CFT exists and do not have any further assumption since our
results only depend on the spacetime dimension of the boundary theory.
2The index in the brackets indicates the half of the number of derivatives involved in that term
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The action of Weyl transformations of the boundary metric is realized as a subgroup
of the bulk diffeomorphisms for the bulk metric. These conformal transformations on
the boundary is called PBH transformations[13]. The PBH transformation does not
depend on the details of the solution of interest and therefore it gives information for
any such solutions, e.g., even including stringy corrections.
Infrared divergences in the gravitational sector can be seen as the cause of the
conformal anomaly [14]. Invariance of AdS under rescaling the radial coordinate that
corresponds to dilatation in the CFT, is broken after regulating these infrared diver-
gences. It means that a conformal transformation in the boundary theory is related to
a special diffeomorphism in the bulk that preserves the form of the coordinate system
(1.1)[13].
In the asymptotic solution (1.2) g(n) with n < d
2
are determined uniquely and
locally by g(0). g(
d
2
) is a nonlocal quantity which is not obtained only from the boundary
condition for the metric. Rather only its trace and covariant divergence are determined.
However, it is determined by the vacuum expectation value of the dual stress-energy
tensor. In the case of pure gravity, when the boundary dimension d is odd the coefficient
g(
d
2
) in (1.2) is conserved and traceless and there is no quantum correction for the
stress-energy tensor. Furthermore it is well-known that h(
d
2
) is related to the conformal
anomaly through the metric variation of the conformal anomaly [15]. It was shown
in [8] that, given a conformally flat boundary metric in which the bulk Weyl tensor
vanishes, the bulk metric can be determined to all orders. Also in this case h( d
2
) in
(1.2) vanishes because it is the metric variation of a topological invariant. In addition
for the standard Euclidean AdS, g(n) = 0 for 0 < n <
d
2
[15].
In the case of pure gravity, the holographic conformal anomalies for the spacetime
dimensions up to six were obtained [15] and the holographic results agree with the
known field theory calculations[14]. It is well-known that in odd (boundary) dimen-
sions, there are no conformal anomalies. We would like to build holographically the
bulk metric coupled to the matter out of the CFT data and extract the associated
conformal anomaly as a quantum feature of CFT by applying the holographic pre-
scription [15]. The CFT data are the sources for the operators that are turned on and
the corresponding expectation values.
The same discussion is applicable when one adds matter to the system. By con-
3
sidering scalars that correspond to marginal and relevant operators one can compute
perturbatively the back reaction of the scalars to the gravitational background. The
solution of the massive scalar field has the mass
m2 = ∆(∆− d), (1.4)
where ∆ is the conformal dimension of the dual operator[16]. The asymptotic expansion
for the scalar field near the boundary in the coordinate system (1.1) is in the form [15]
Φ(x, ρ) = ρ
(d−∆)
2 φ(x, ρ), φ(x, ρ) = φ(0) + φ(1)ρ+ . . . . (1.5)
Because we want to use the probe approximation, we consider a relevant operator in
the boundary theory. It requires in (1.4), m2 < 0 for the bulk scalar and this approach
is valid in the regime ∆ < d 3. The leading order in the small-ρ expansion of the
scalar field is ρ
α
2 with α = d−∆ which appears in the mass formula (1.4) and
0 < α <
d
2
. (1.6)
Although in the case pure gravity for odd boundary dimensions there are no grav-
itational conformal anomalies, adding relevant deformations there is a possibility of
having conformal anomalies in both odd and even dimensions, providing ∆− d
2
to be
an integer, a logarithmic term appears. The logarithmic term ψ(∆−
d
2
) appearing in
this situation in (1.5), is related to the matter conformal anomalies [15]. φ(n) with
n < ∆− d
2
and ψ(∆− d
2
) are determined uniquely in terms of g
(0) and φ(0) from the scalar
field equation and gravitational equations coupled to scalars that are presented in the
next section. The coefficient φ(∆−
d
2
) is not obtained by solving the field equations.
However it is the leading finite part determined by the vacuum expectation value4 of
the dual operator [17]
〈O(x)〉 = (∆− d
2
)φ(∆− d
2
)(x).
In this paper we follow two parallel processes to construct the holographic conformal
anomaly in the presence of matter. In section 2 we discuss how to find the anomaly
by solving equations of motion. In section 3 we use the PBH transformations that give
3For a marginal operator with ∆ = d (or α = 0) we will see in (3.11) that the matter part of the
anomaly vanishes and we left with the gravitational part.
4Global condition on the bulk metric corresponds to the choice of a particular vacuum in the
conformal field theory.
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us the covariant form of the anomaly in the cases we are interested but the overall
factors are still undetermined. In section 4 first we obtain an asymptotic solution in
the case of gravity coupled to a free scalar by choosing specific dimensions d = 4, 6 for
a given boundary metric and Dirichlet value of the scalar field. We use these solutions
to figure out the infrared divergences of both gravitational and matter sectors. Then
in subsections 4.3 and 4.4 we generalize this approach to a general dimension and
compute the conformal anomaly, in terms of d with given boundary conditions, as
local polynomial functions of two and four derivative terms built of the Ricci tensor
and the Ricci scalar of the metric g(0)ij and the scalar field in the boundary value φ
(0)
and their covariant derivatives. In the last three subsections, we exhibit results for the
insertion of four scalar fields.
2 Asymptotic AdS gravity coupled to scalar fields
The Einstein-Hilbert action for a gravity theory with d + 1 dimensions on a manifold
M and the d-dimensional boundary5 ∂M is
Sgr =
1
16piGd+1N
[
∫
M
dd+1x
√
G(R[G] + 2Λ)−
∫
∂M
ddx
√
γ2K], (2.1)
where K is the trace of the second fundamental form and γ is the induced metric on the
boundary. The boundary term makes the variational problem with Dirichlet boundary
conditions be well-defined [18]. Here we work with Euclidean signature of the metric.
The on-shell gravitational action diverges because of the spacetime volume is infinite
and also the singularity in the metric at the boundary as was mentioned previously. To
regulate the theory, we cut off the spacetime at ρ =  for some small parameter  near
the boundary. In the action (2.1) the bulk integral is calculated in the region ρ ≥ 
and the boundary term at ρ = . The divergences in the action are in the form of the
1/k poles and in the case of even (boundary) dimensions there is also a logarithmic
divergence [14]
Sgr,reg =
1
16piGd+1N
∫
ddx
√
g(0)
(
−
d
2a(0) + 
− d
2
+1a(1) + · · ·+ −1a( d
2
−1) − log  a( d
2
)
)
+O(0), (2.2)
5In the following, d+1-dimensional indices are shown with Greek indices µ, ν, · · · , d-dimensional
ones with Latin ones i, j, · · · . Rij [G] indicates the Ricci tensor of the metric G, etc.
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where the coefficients a(n)
6 are given by local covariant combinations of the g(0) and its
curvature tensor.
The renormalized action is obtained by subtracting the divergent terms and then
removing the regulator, i.e., → 0. The terms proportional to the negative powers of
 in the regularized action are invariant under the scale transformations
δg(0) = 2δσg(0), δ = 2δσ.
The log  term transforms as log  → log  + log(2δσ). The variation from the latter
does not depend on  and should be canceled by the variation of the finite terms such
that the total action (2.2) remains invariant under the transformation. Hence, the log 
term gives the conformal anomaly A of the renormalized theory on the boundary
Slg,g = − 16piG
d+1
N
2
∫
ddx
√
g(0)A. (2.3)
Generally the boundary conditions for the metric and scalar fields are arbitrary fields
because they are regarded as sources for the boundary operators and we take functional
derivatives with respect to them in the corresponding conformal field theory. Also
solving the equations of motion and applying the boundary conditions will lead us
to the information in the boundary theory such as anomaly. The gravitational field
equation in the presence of matter reads
Rµν − 1
2
(R + 2Λ)Gµν = −8piGNTµν , (2.4)
with appropriate Dirichlet boundary conditions.
In order to solve (2.4) with a given conformal structure at infinity, we work in
the coordinate system (1.1) introduced by Fefferman and Graham [9]. In the case of
relevant deformation on the boundary theory, the metric expansion becomes [19]
gij(x, ρ) =
N−1∑
n=0
(
ρng
(n)
ij (x) +
∞∑
m=2
ρn+m
α
2 g
(n+mα
2
)
ij (x)
)
+ρ
d
2
N−1∑
n=0
(
ρng
( d
2
+n)
ij (x) +
∞∑
m=2
ρn+m
α
2 g
( d
2
+n+mα
2
)
ij (x)
)
, (2.5)
6 We will see later in the presence of scalar fields, the coefficients a(n) also depend on the scalar
field and its covariant derivatives as well.
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where we assume α
2
= N
M
which M, N are relatively prime.
For even dimensions, a logarithmic term appearers in the expansion as follows [19]:
gij(x, ρ) =
N−1∑
n=0
(
ρng
(n)
ij (x) +
∞∑
m=2
ρn+m
α
2 g
(n+mα
2
)
ij (x)
)
+ρ
d
2 log ρ
N−1∑
n=0
(
ρnf
( d
2
+n)
ij (x) +
∞∑
m=2
ρn+m
α
2 f
( d
2
+n+mα
2
)
ij (x)
)
. (2.6)
We wish to study how the bulk spacetime with a relevant deformation in the boundary
theory is constructed holographically . Here we discuss a bulk scalar field but a similar
approach is applicable to other kinds of matter. The action for a free massive scalar is
given by
SM =
1
2
∫
dd+1x
√
G(Gµν∂µΦ∂νΦ +m
2Φ2), (2.7)
where the metric Gµν has an expansion of the form (2.6).
Similar to the case of pure gravity, the theory is regularized by integrating the bulk
ρ ≥  in the action (2.7)[20, 21]
SM,reg =
∫
ddx
√
det g(0)
(
α−
d
2aM(0) + 
α− d
2
+1aM(1) + · · ·+  aM(α− d
2
+1)
− log  aM
(α− d
2
)
)
+O(0), (2.8)
where the matter conformal anomaly is given by the coefficient of the logarithmic term
and is added to the formula (2.3) to obtain the whole contribution. The form of the
expansion of the scalar field Φ is [19]
Φ(x, ρ) = ρ
α
2 φ(x, ρ) = ρα/2
N−1∑
n=0
∞∑
m=0
ρn+m
α
2 φ(n+m
α
2
)(x)
+ρ
(d−α)
2
N−1∑
n=0
∞∑
m=0
ρn+m
α
2 φ(
d
2
−α+n+mα
2
)(x). (2.9)
By applying this constraint, we take operator with a particular conformal dimension
∆ to get logarithmic term, i.e.,
∆ =
d
2
+ k, k = 0, 1, · · · .
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The scalar field equation (−G +m2)Φ = 0 by using (1.5) becomes
[−α∂ρ log gφ+ 2(d− 2α− 2)∂ρφ− 1√
g
∂i(
√
gg−1
ij
∂jφ)] + ρ[−2∂ρ log g∂ρφ− 4∂2ρφ] = 0.
(2.10)
where we used the relation m2 = α(α−d) for the mass and GΦ = 1√G∂µ(
√
GGµν∂νΦ).
Through solving the equations of motion, one can determine recursively φ(n), n <
d
2
− k. For given φ(0), when d2 − k is integer, at this order the coefficient of φ(d/2−k)
becomes zero and it is necessary to introduce a logarithmic term at this order, now the
expansion of Φ reads
Φ(x, ρ) = ρ
α
2 φ(x, ρ) = ρα/2
N−1∑
n=0
∞∑
m=0
ρn+m
α
2 φ(n+m
α
2
)(x)
+ρ
(d−α)
2 log ρ
N−1∑
n=0
∞∑
m=0
ρn+m
α
2ψ(
d
2
−α+n+mα
2
)(x). (2.11)
The coefficient of the logarithmic term ψ(∆−
d
2
) is obtained but φ(∆−
d
2
) remains unde-
termined. However, it is known [22, 17] that the latter is specified by the expectation
value of the dual operator. Since the action does not include interactions for the scalar,
we can expect φ(∆−
d
2
) to be linear in φ(0).
Now we proceed to obtain solutions to Einstein’s equations coupled to scalar fields.
The total action is given by the summation of (2.1) and (2.7)
S = Sgr + SM . (2.12)
The gravitational equations of motion7 (2.4) in the coordinate system (1.1) by making
use of the expansion of the scalar field (1.5) read [15]
ρ
(
2g′′ij − 2(g′g−1g′)ij + Tr(g−1g′)g′ij
)−Rij(g)− (d− 2)g′ij − Tr(g−1g′)gij =
= −8piGd+1N ρα−1
(
α(α− d)
d− 1 φ
2gij + ρ ∂iφ∂jφ
)
(2.13)
∇iTr(g−1g′)−∇jg′ij = −16piGd+1N ρα−1
(α
2
φ ∂iφ+ ρ ∂ρφ∂iφ
)
Tr(g−1g′′)− 1
2
Tr(g−1g′g−1g′) = −16piGd+1N ρα−2
(
αd(α− 1)
4(d− 1) φ
2 + αρ φ∂ρφ+ ρ
2(∂ρφ)
2
)
7Notice that if α < 0 (or ∆ > d) the right hand side of equations diverges near the boundary,
because for α < 0 operators are irrelevant. We only consider α ≥ 0 (or ∆ ≤ d) that gives marginal or
relevant operators and equations can be calculated perturbatively.
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where prime presents differentiation with respect to ρ (with ρ considered an extra
parameter, rather than a coordinate), ∇i is the covariant derivative built from the
metric g, and Rij(g) is the Ricci tensor of g.
These equations are solved order by order in ρ. First from the equation in (2.13) the
coefficients g(n) for n 6= d2 in terms of g(0) are obtained. The expression for g(n) becomes
singular when n = d
2
. The trace and divergence of g(n) for any n are determined from the
last two equations in (2.13). Since the trace of g( d
2
) is related to the vacuum expectation
value of the trace stress tensor, if the former is zero we conclude that the stress energy
tensor does not receive quantum effects, otherwise it detects the appearance of the
conformal anomaly that is obtainable from both coefficients of the logarithmic terms,
h( d
2
) and ψ( d
2
−α).
From the regulated on-shell action,the value of the bulk integral in (2.12) gives a
logarithmic divergence that is where the anomaly emerges [15]
Sreg(bulk) =
∫
ρ≥
dρ ddx
√
G[
d
8piG
(d+1)
N
− m
2
d− 1Φ
2] (2.14)
=
∫
ρ≥
dρ ddx
1
ρ
√
g(x, ρ)[
d
16piG
(d+1)
N
ρ−d/2 − m
2
2(d− 1)φ
2(x, ρ)ρ−k].
where k = d
2
−α, from above formula it is concluded even if d is odd there is a possibility
of having conformal anomaly as k is a positive integer.
3 Anomaly by the PBH transformation approach
AdS/CFT duality states that the conformal transformations in the boundary are
emerged from the specific diffeomorphism that preserves the form of the metric (1.1)
[23]. Consider a coordinate transformation that keeps the form of the metric in FG
gauge (1.1)
ρ = ρ′(1− 2σ(x′)) xi = x′i + ai(x′, ρ′).
The ai(x′, ρ′) are defined providing of the form invariance of the metric. To leading
order in σ, with boundary condition ai(x, ρ = 0), it is given by
ai(x, ρ) =
L2
2
∫ ρ
0
dρ′gij(x, ρ′)∂jσ(x). (3.1)
9
The infinitesimal diffeomorphism transformation of gij(x, ρ) under the PBH transfor-
mation [13] is
δgij(x, ρ) = 2σ(1− ρ∂ρ)gij(x, ρ) +∇iaj(x, ρ) +∇jai(x, ρ), (3.2)
where the covariant derivatives are constructed from the metric gij(x, ρ). The first
term is a homogenous term and its coefficient determines the conformal dimension. To
see this, regard the power series expansion of the metric in the gravity theory coupled
to scalars in the vicinity of ρ = 0
g(x, ρ) = g(0) + g(1)ρ+ . . .+ g(n)ρn + ρα
(
g(α) + g(α+1)ρ+ g(α+2)ρ2 + . . .
)
, (3.3)
then one gets a homogenous scaling term for each coefficient as
δg(n) = −2σ(x)(n− 1)g(n) + · · · ,
it implies that g(n)ij has the conformal dimension 2(n− 1). In particular, g(0)ij has the
conformal dimension −2. To find how different components of the metric transform,
we expand ai(x, ρ) in powers of ρ
a = a(1)ρ+ a(2)ρ2 + . . .+ a(n+1)ρn+1 + ρα
(
a(α+1)ρ+ a(α+2)ρ2 + . . .
)
, (3.4)
where pertaining to the boundary condition we set ai(0)(x) to be zero. We substitute
above expansions into eq. (3.2) and find8
δg
(0)
ij = 2σ g
(0)
ij , (3.5)
δg
(1)
ij = a
k
(1)∂kg
(0)
ij + ∂(ia
k
(1)g
(0)
j)k,
δg
(α)
ij = −2σ(α− 1)g(α)ij ,
δg
(α+1)
ij = −2σαg(α+1)ij + ak(1)∂kg(α)ij + ak(α+1)∂kg(0)ij + 2∂(iak(1)g(α)j)k + 2∂(iak(α+1)g(0)j)k,
δg
(α+2)
ij = −2σ(α + 1)g(α+2)ij + ak(α+2)∂kg(0)ij + ak(α+1)∂kg(1)ij + ak(1)∂kg(α+1)ij + ak(2)∂kg(α)ij
+2∂(ia
k
(α+2)g
(0)
j)k + 2∂(ia
k
(α+1)g
(1)
j)k + 2∂(ia
k
(1)g
(α+1)
j)k + 2∂(ia
k
(2)g
(α)
j)k ,
where
ai(1) =
L2
2
(g(0)
−1
)ij∂jσ, a
i
(2) = −
L2
4
g−1(1)
ij
∂jσ,
ai(β) = −
L2
2β
(g(0)
−1
g(β−1)g(0)
−1
)
ij
∂jσ. (3.6)
8The symmetrization bracket is defined as A(iBj) = 1/2(AiBj +BiAj).
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where β = α + 1, α + 2, . . . 9. Also for utilization at some point subsequently we have
δR = −2σR− 2(d− 1)σ, δRij = −(d− 2)∇i∇jσ − gijσ, (3.7)
where  exhibits the Laplacian. Furthermore we acquire these relations by taking
advantage of the PBH transformations by noticing the transformation of components
of the scalar field under transformations. The series expansion of the scalar field is in
the following form:
Φ(x, ρ) = ρ
α
2
(
φ(0) + φ(1)ρ+ φ(2)ρ2 + . . .
)
+ ρ
(d−α)
2
(
φ(
d
2
−α) + . . .
)
, (3.8)
therefore, we get
δφ(0) = −ασφ(0), δφ(1) = −(α + 2)σφ(1) + ak(1)∂kφ(0) (3.9)
δφ(2) = −(α + 4)σφ(2) + ak(1)∂kφ(1) + ak(2)∂kφ(0),
also
δφ(α) = −3ασφ(α), δφ(α+1) = −(3α + 1)σφ(α+1) + ak(α+1)∂kφ(0) + ak(1)∂kφ(α),
where the definitions for ak(M), M = 1, 2, β are given in (3.6). From the last two terms
we see in general the conformal dimension of φ(n) is α + 2n.
Now we want to take advantage of the PBH transformations and determine the
explicit form of the different components of the metric and the scalar field expansions.
For this purpose, we write down the most covariant combination using the curvature
tensor, the scalar field and their covariant derivatives such that each term in this com-
bination with an arbitrary coefficient has the desired conformal dimension. Therefore,
by understanding the PBH transformations of any component given in (3.5) and (3.9),
we make a comparison with the conformal transformation of the mentioned combina-
tion. The equivalence of inhomogeneous parts of transformations in two sides specifies
the unknown coefficients. For example the covariant expressions for g(1) and g(2) under
9Note that by referring to (3.1), β starts from α+ 1.
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the PBH transformations become 10
g
(1)
ij = −
L2
d− 2
(
R
(0)
ij −
R g
(0)
ij
2(d− 1)
)
, (3.10)
g
(2)
ij = c1L
4CklmnC
klmng
(0)
ij + c2L
4CiklmCj
klm
+
L4
d− 4
(
1
8(d− 1)∇i∇jR−
1
4(d− 2)Rij +
1
8(d− 1)(d− 2)Rg
(0)
ij
− 1
2(d− 2)R
klRikjl +
d− 4
2(d− 2)2Ri
kRjk +
1
(d− 1)(d− 2)2RRij
+
1
4(d− 2)2R
klRklg
(0)
ij −
3d
16(d− 1)2(d− 2)2R
2g
(0)
ij
)
,
we see later there are possible contributions coming from the scalar field (see(4.5) and
(4.13)).
Lets define a Lagrangian by using the regulated bulk action (2.14) that gives only
the logarithmic contribution to the action with one dimension higher
L =
∫
ρ≥
dρ
1
ρ
√
g(x, ρ)[
d
16piG
(d+1)
N
ρ−
d
2 +
α(d− α)
2(d− 1) φ
2(x, ρ)ρ−k], (3.11)
where k = d
2
− α and we have inserted the definition (1.4).
The result of the integration has a − log  part that based on the discussion above
(2.3), its coefficient with multiplication of a factor of −2 gives us the anomaly From the
regulated action for the metric G and the scalar field Φ. Referring to the logarithmic
divergences in (2.14) and the discussion above (2.3), one finds
A = −2( d
16piG
(d+1)
N
a( d
2
) + a
M
(α− d
2
)
). (3.12)
The gravitational part of the anomaly appears at order of d
2
in the expansion of
√
g(x, ρ)
and the matter anomaly occurs at order of k in the expansion of
√
g(x, ρ)(φ(x, ρ))2.
In these cases the integration in (3.11) gives us a logarithmic divergence. In order to
expand the square root, we use the general formula for expansion of the square root of
determinant of a typical matrix A = 1 +B√
det(1 +B) = 1 +
1
2
TrB − 1
4
TrB2 +
1
8
(TrB)2 − 1
8
TrB TrB2 +
1
6
TrB3 +
1
48
(TrB)3 + . . .
(3.13)
10Notice that our convention for the curvature tensor differs from one given in [15] in a minus sign.
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where B is obtained by
B = ρg
(−1)
(0) g
(1) + . . .+ ρng
(−1)
(0) g
(n) + ραg
(−1)
(0) g
(α) + ρα+1g
(−1)
(0) g
(α+1) + . . . . (3.14)
where n is an integer. The number of derivatives and scalars determine that in which
order a logarithmic term appears, as we will see in the next sections. However, in
above expansion we do not consider a logarithmic term since in the integrand (3.11),
only polynomial terms produce the contributions to the anomaly, even if the definition
of the metric and scalar components inside (3.14) at the certain orders includes the
logarithmic term.
3.1 k=1, general d
Here we want to attain the explicit forms of g(α) and g(α+1) by considering the most
general covariant combinations with the conformal dimensions 2(α−1) and 2α, respec-
tively, we need to have two scalar fields in each term, as result one has
g
(α)
ij = C1(φ
(0))
2
g
(0)
ij ,
g
(α+1)
ij = C1L
2
(
b1(φ
(0))
2
Rij + b2 g
(0)
ij (φ
(0))
2
R + b3 ∂iφ
(0)∂jφ
(0) + b4 ∇i∇j(φ(0))2
+ b5 g
(0)
ij (φ(0))
2
+ b6 g
(0)
ij ∇kφ(0)∇kφ(0)
)
. (3.15)
Notice that from the holographic principle, the Ricci tensor and the Ricci scalar are
defined in terms of boundary value of the metric g(0). The value of C1 is specified by
solving the equations of motion (see (4.24)). For α = d
2
− 1 the coefficients b1, . . . , b4
are characterized in terms of b5 and b6
b1 = −1
2
− 1
d
+ (2b5 + b6)(1− d
2
),
b2 =
2 + (1 + b6(d− 2))d
4(d− 1)d ,
b3 = −2(1 + 1
d
) + 2(1− d)(2b5 + b6),
b4 =
1
2
(
(d− 2)(2b5 + b6) + 1
)
. (3.16)
That is, the expression (3.15) for any value of b5 and b6 is conformally invariant. It
turns out for particular dimensions they may not be determined by equations of motion
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The BPH transformation approach is accurate only for polynomial expansions, but b5
and b6 are singular at order the anomaly appears and we need the logarithmic term
in the expansion. However, there is another method to attain them at this order of
equations of motion through performing the PBH transformation for d = 2n +  and
finding residual values by considering log ρ in the equations of motion as the integration
of ρ−1−. Nevertheless we do not follow this approach in view of the fact that we get
rid of b5 and b6 in the normalized form of the anomaly as it is demonstrated shortly in
(3.21).
Because of the existence or the factor of ρ−
d
2 in the first term of the lagrangian
(3.11), it turns out in order to find anomaly in the case of k = 1 only the order α + 1
in the expansion of the square root of the determinant of the metric g contributes. In
this case the explicit form for the expansion of the metric, according to (2.6), is
g(x, ρ) = g(0)(x) + g(1)(x)ρ+ . . .+ g(n)(x)ρn
+ρα
(
g(α)(x) + g(α+1)(x)ρ+ h(α+1)(x)ρ log ρ+ . . .
)
, (3.17)
where n is an integer number and α = d
2
− k. Notice that the logarithmic term only
appears when α + 1 = d
2
is an integer. The expansion of the scalar field (2.11) that is
applicable here reads
Φ(x, ρ) = ρα/2
(
φ(0)(x) + φ(1)(x)ρ+ φ(2)(x)ρ2 + . . .
)
+ρ(d−α)/2
(
φ(d/2−α)(x) + ψ(d/2−α)(x) log ρ+ . . .
)
, (3.18)
the logarithmic term is involved only when d − α is even. For the specific value of α
given here, it is concluded that we have the logarithmic term at order ρ.
To obtain the general form for the anomaly in the presence of scalar field, as a
covariant expression of terms with two derivatives, one requires to find only the order
α+1 in the expansion of the square root which contributes in the anomaly, (see (3.11)).
The result for the expansion of the square root of the determinant of the metric (3.3)
by using (3.13), that includes the power α + 1 of ρ, is
√
detg =
√
detg(0)ρ
α+1
(
1
2
(g−1(0))
kl
g(α+1)kl −
1
2
(g−1(0))
kl
g(1)jl(g
−1
(0))
jm
g
(α)
km
+
1
4
(g−1(0))
kl
g
(1)
kl (g
−1
(0))
jm
g
(α)
jm
)
. (3.19)
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The anomaly is obtained by substitution (3.15) and (3.10) in the first term in the
expression (3.12) and the gravitational contribution to the anomaly is found as
Ag = −2 C1d
16piG
(d+1)
N
(
(2− 4b1 + d(−1 + 4b1 + 4(d− 1)b2))
8(d− 1) R(φ
(0))
2
+
1
2
(b4 + d b5)(φ(0))
2
+
1
2
(b3 + d b6)∇kφ(0)∇kφ(0)
)
, (3.20)
where  indicates the covariant derivatives with respect to g(0). The second term is a
total derivative and is scheme dependent, i.e. it can be removed by adding a covariant
counterterm to the on-shell action [15]. The overall factor is ascertained by solving
equations of motion directly and is presented in (4.27). Via substitution values b’s in
(3.16), the ratio of non vanishing terms is
Ag = C( d− 2
4(d− 1)R(φ
(0))
2
+∇kφ(0)∇kφ(0)), (3.21)
where C is given by
C = − C1d
16piG
(d+1)
N
(b3 + d b6).
The formula (3.21) is in exact agreement with the result obtained in [24] for the co-
variant operator with two derivatives apart from a minus sign due to our convention
for the definition of the curvature tensor. However, this result only determines the
covariant form of the anomaly since from the equations of motion b5 and b6 become
singular for α = d
2
− 1.
The matter contribution to the anomaly, coming from the second term in (3.12),
involves φ(1) that can be obtained in the similar fashion by the PBH transformations.
The following expression satisfies the transformation given in (3.9)
φ(1) =
L2
2(−2α− 2 + d)
( α
2(1− d)Rφ
(0) +φ(0)
)
. (3.22)
The ratio of two coefficients in the brackets for α = d
2
− 1 and after using by part
integration to the last terms is the same as the gravitational conformal anomaly in
(3.21). However, the above expression is again singular at order which ρk = ρ. It
means the PBH approach is only useful in order to determine the covariant form of the
anomaly although it fails to determine the overall factor. We come back to this issue
in more details in section 4.3.
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Using the fact that the anomaly is conformally covariant [25], i.e., it transforms
up to a total derivative, we check that the variation of the expression (3.19) under
the PBH transformations must be at most a total derivative. For this purpose, first
notice that only the variation of g(1) and g(α+1) are required to be considered while
the variation of other elements only produces homogenous terms. The first term in the
PBH transformation of g(α+1) in (3.5) is homogenous, also since the covariant derivative
of g(0) vanishes the last term is a total derivative, and we do not consider it as it is
scheme dependence. After substituting from (3.6) and taking trace, we find
Tr(δg
(α+1)
ij (x)) =
C1
2
L2(− d
2
+ 1)σ(φ(0))2 + Homogenous term + Total derivative.
(3.23)
Similarly, from the transformation of g(1) in (3.5), we have
Tr(δg
(1)
ij (x)) = Tr(2∂(ia
k
(1)g
(α)
j)k (x)) = L
2σ. (3.24)
From (3.15) the variation of g(α) is homogenous we only need to consider the transfor-
mations (3.23) and (3.24) in (3.19) that manifests the variation of the trace anomaly
vanishes under the PBH transformations.
3.2 k=2, general d
In this case to procure the anomaly for k = 2, i .e., four derivatives, it is necessitated
considering the order α+ 2 in the expansion of the square root in (3.13). It implies to
take terms terms at order α+ 2 in (3.11). The explicit expansion of the metric in this
case is
g(x, ρ) = g(0)(x) + g(1)(x)ρ+ . . .+ g(n)(x)ρn
+ρα
(
g(α)(x) + g(α+1)(x)ρ+ g(α+2)(x)ρ2 + h(α+2)(x)ρ2logρ+ . . .
)
.(3.25)
To acquire g(α+2), it is essential to take into consideration all possible covariant terms
with the conformal dimension 2(α + 1) and with two free indices; As a result the
feasible contributions come from the terms with two scalar fields having the conformal
dimension α and four derivatives which is equal to the number of derivatives that
emerge in the variation of (3.25). Then by applying the BPH transformations to the
covariant expression and comparison with the last term in (3.5), one could find the
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unknown coefficients in this combination. However, due to the appearance of the trace
of g(α+2) in the anomaly which is achieved from the equations (2.13), we do not present
the explicit form of it here. Refereing to (3.13) and (3.14) at order α + 2, for finding
the formula for the gravitational conformal anomaly with four derivatives, we use the
following expression:√
detg =
√
detg(0)ρ
α+2
(
1
2
Tr(g−1(0)g
(α+2))− 2
4
Tr(g−1(0)g
(1)g−1(0)g
(α+1))
−2
4
Tr(g−1(0)g
(2)g−1(0)g
(α)) +
2
8
Tr(g−1(0)g
(1))Tr(g−1(0)g
(α+1))
+
2
8
Tr(g−1(0)g
(2))Tr(g−1(0)g
(α))− 1
8
Tr(g−1(0)g
(1)g−1(0)g
(1))Tr(g−1(0)g
(α))
−2
8
Tr(g−1(0)g
(1)g−1(0)g
(α))Tr(g−1(0)g
(1)) +
3
6
Tr(g−1(0)g
(1)g−1(0)g
(1)g−1(0)g
(α))
+
3
48
Tr(g−1(0)g
(1))Tr(g−1(0)g
(1))Tr(g−1(0)g
(α))
)
. (3.26)
In the previous section, we saw the conformally invariant form of the scalar field at
order that the logarithmic term exists, is the same as one for the conformal anomaly
built of the scalar field. We use this fact to find the covariant form for total anomaly.
In the considering case, φ(2) appears in the matter part for computing the anomaly.
To obtain the form of it by applying the PBH transformations, we write down the
most general covariant expression consist of four derivatives and one scalar field with
undetermined coefficients which are identified by comparing the PBH transformation
of φ(2) with (3.9).
φ
(2)
PBH = p1CklmnC
klmnφ(0) + L4
(
φ(0) − α
2(d− 1)Rφ
(0) − α(−2 + d− 2α)
(d− 2)2 RijR
ij
φ(0) +
α (d2(5 + α) + 4(4 + 3α)− 2d(9 + 5α))
4(d− 2)2(d− 1)2 R
2φ(0) − (−4(1 + α) + d(2 + α))
(d− 2)(d− 1)
Rφ(0) + (−2 + d− 4α)
2(d− 1) ∂iR∂
iφ(0) +
2(−2 + d− 2α)
(d− 2) Rij∇
i∇jφ(0)
)
/
(
8(−4 + d− 2α)(−2 + d− 2α)
)
, (3.27)
where α is the conformal dimension of φ(0) and the first term involving the Weyl
tensor transforms to itself apart from a constant factor. We will see in (4.34) that the
Weyl tensor is not required in (3.27), however, as commented in the discussion section,
in general there is feasibility to induct it. We expect that above expression is also
proportional to the corresponding anomaly (3.12) (see section 4.4).
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In fact if we use the Panetiz operator with four derivatives introduced in [24] acting
on one scalar field we have the following expression that from the property of this
operator is covariant under the PBH transformations
P2φ
(0) ∼ φ(0) − (d− 4)
(
1
4(d− 1)Rφ
(0) +
1
(d− 2)2RijR
ijφ(0)
)
−R2φ(0)
× (d− 4)
4(d− 1)2
(
4− 3d
(d− 2)2 −
d
4
)
− (8 + (d− 4)d)
2(d− 2)(d− 1)Rφ
(0) +
4 Rij∂
i∂jφ(0)
d− 2
− (d− 6)
2(d− 1)∂iR∂
iφ(0), (3.28)
one can see that is proportional to the formula (3.27) for α = d
2
− 2.
Since the anomaly is a covariant object under the transformations, we expect (3.28)
is actually part of the anomaly that includes terms with two scalars and four derivatives.
However, it is not the most practicable covariant form. For instance a combination in
terms of Weyl tensor and/or the terms with more than two scalar fields may be added,
depending on the form of the action (see the discussion section for further illustration).
To show above expression is covariant under transformations given in the formulas
(3.5), (3.7) and (3.9) we use the fact that in general the variation of an expression with
any number of covariant derivatives and tensor indices is
δ[∇k1∇k2 . . .∇knAi1i2...im ] = −δΓkk1k2∇k∇k3 . . .∇knAi1i2...im − . . .
−δΓkk1i1∇k2∇k3 . . .∇knAki2...im − . . .
−∇k1 [δΓkk2k3∇k∇k4 . . .∇knAi1i2...im + . . .]
−∇k1∇k2 . . .∇kn−1 [δΓkkni1Aki2...im + . . .]
+∇k1∇k2 . . .∇kn [δAi1i2...im ], (3.29)
where the variation of the Christoffel symbol is given by
δΓkij = ∂iσδ
k
j + ∂jσδ
k
i − ∂kσg(0)ij . (3.30)
To corroborate that (3.28)is covariant under the transformation, since the transforma-
tion of the inverse of the boundary metric and the boundary value of the scalar field
is homogeneous therefore we simply do not need to consider them. For instance more
with regarding (3.29) and (3.30) for a scalar field φ we have
δφ→ δφ− (2− d)∇iσ∇iφ.
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However, When we encounter the variation of derivatives acting on a tensor, one must
consider contributions of transformations of the homogenous parts or the tensor, in
particular the homogenous part of transformation for the Ricci scalar (3.7).
Nonetheless it is realized that the PBH transformations do not give us all partic-
ipation in the anomaly such as contributions with different number of scalars as we
encounter in section 4.5. Furthermore these transformations may not fix all the coef-
ficients in the covariant expression. We demonstrate the formula for the anomaly for
specific and general dimensions through solving the equations of motion in the next
section, that is, we reproduce all the coefficients of the covariant expression for the
anomaly that was given by the PBH transformations as well as the overall factor.
4 Anomaly through solving the back reacted gravitational
equations of motion
The conformal dimension of the dual operator is determined by considering that the
following expression is covariant under the conformal transformations [24]∫ √
gφnPkφ
n.
For instance, for k = 1,
P1 = −+ d− 2
4(d− 1)R, (4.1)
and P2 after acting on a scalar was given in (3.28).
Where Pk and n scalar fields transform as
11
Pk → e(−n2−k)σPke(n2−k)σ, φn → e−αnσφn, (4.2)
and by considering the transformation
√
g, i.e., edσ, it turns out that for the dimension
d and 2n scalar fields, one has
α =
d− 2k
2n
. (4.3)
11 Remember that through turning to account conformal invariance to the action we obtain specific
values of α to be d2 − k where k indicates the number of square derivatives.
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Therefore, the result for the anomaly for a general dimension is presented in different
categories that are characterized by the choice of the number of scalar fields 2n and of
derivatives k. However, the anomaly formula for a specific dimension may involve all
possible number of scalar fields and their derivatives as well as the Ricci tensor such
that each individual term has the desired conformal dimensions. In this section, first
we follow the procedure given in section 2 to find the conformal anomaly in the case of
n = 1, first for the specific spacetime dimensions d = 4, 6 and the number of derivatives
specified by k = 1, 2, we generalize this approach to achieve the anomaly for a general
dimension and k = 1, 2. Then in the last three sections we explore the result in the
case of n = 2.
4.1 k=2, d=4
For a dynamical AdS background, i.e., the gravity coupled to scalar, the gravitational
field equations are given in (2.13). The approach is the same as the pure gravity, it
means we solve the equations of motion by applying the CFT data. For illustration,
we reveal the formula of the conformal anomaly for d = 4 and the massless scalar field,
therefore ∆ = 4 and α = 0. The explicit form of the expansions of the scalar field and
metric that construct the anomaly with four derivatives and with two scalar fields only
involves integer powers of ρ that are as follows:
φ(x, ρ) = φ(0) + ρφ(1) + ρ2φ(2) + ρ2 log ρψ(2),
g(x, ρ) = g(0) + ρg(1) + ρ2g(2) + ρ2 log ρh(2). (4.4)
The recursion relation for g(1) is determined by zero order of the perturbative expansion
of the first equation in (2.13)
g
(1)
ij =
1
d− 2
(
−Tr(g(1))g(0)ij −Rij + 8piGN∂iφ(0)∂jφ(0)
)
, (4.5)
where
Trg(1) =
−R + 8piGN∂kφ(0)∂kφ(0)
2(d− 1) . (4.6)
From the third equation in the leading order, one gets
Trg(2) =
1
4
Tr(g
(−1)
(0) g
(1)g
(−1)
(0) g
(1))− 8piGN(φ(1))2. (4.7)
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Also trace of h(2) from ρ log ρ part of the expansion is zero. Heed that for the massless
scalar field because m2 is zero only the gravitational constituent of the anomaly in
(3.12) prevails. The anomaly is achievable from (3.13) in which only the first two
terms of B exist in (3.14)12
A(α=0) = − 2d
16piGN
(1
2
Trg(2) − 1
4
Tr(g(1)g(1)) +
1
8
(Trg(1))2
)
, (4.8)
where we have used the following expression from the solution of the scalar equation
(2.10) that is linear in the scalar field at the leading order
φ(1) =
1
4
φ(0), (4.9)
and g(1) is defined according to (4.5).
The second equation in (2.13) provides nonlinear relations between different com-
ponents of the metric and the scalar field, e.g., the trace of g(1) gives a relation between
its divergence and φ(1) as
∇i(Trg(1))−∇jg(1)ij = −16piGNφ(1)∂iφ(1). (4.10)
In conclusion, the formula for the anomaly after substitution (4.7) in (4.8) is
A(α=0) = − −2
384Gpi
(
−R2 + 3RijRij + 2(8piGN∂iφ(0)∂iφ(0))2
+8piGN
(− 6Rij∂iφ(0)∂jφ(0) + 2 R ∂iφ(0)∂iφ(0) + 3 (φ(0))2)), (4.11)
where one can see the pure gravitational part has the same ratio of coefficients given
in [14]. In other words, when φ(0) is constant, our result for anomaly is the same as
the conclusion in [14] for the coefficient of the log in the on-shell action
a(2) = − 1
8piGN
(E(4) + I(4)),
where E(4) and I(4) are 4 dimensional Euler density and a conformal invariant, respec-
tively that are introduced in [14]. For the rest of terms, it is easy to see that the above
formula for the anomaly turns into (3.28) by virtue of Bianchi identity and suppressing
12From now on we suppress factors of g(0). Unless we mean the contrary, indices are raised and
lowered with metric g(0) also all contractions are built with this metric.
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total derivatives by choice of the scheme through adding local finite counterterms, that
is implied the following relations:
Rij∂
iφ(0)∂jφ(0) → 1
4
R(φ(0))2 −Rijφ(0)∇i∇jφ(0), (4.12)
R∂iφ
(0)∂iφ(0) → 1
2
R(φ(0))2 −Rφ(0)φ(0).
Also the anomaly receives a contribution of four scalar fields with derivatives anting on
in the last term of the first line in (4.11) that is covariant under the transformations,
since in the four dimensional spacetime, the scalar field does not transform. Therefore,
the formula (3.28) should be modified for specific values of dimension. Though it is
matched with the remaining terms in (4.11), in particular, it does not involve R2(φ(0))
2.
Note that we only get the terms with derivatives acting on the scalars and not some
power of the scalar field.
4.2 k=1, d=6
In this section, we express an obstacle for finding the anomaly and present a way to
handle it. In general the form of the expansion of the metric depends on dimension,
however, for the scalar field for a specific k, for any dimension, it remains unchanged.
In the six dimensional spacetime, the expansions of the metric and the scalar field are
as follows:
g(x, ρ) = g(0) + ρ g(1) + ρ2g(2) + ρ3g(3) + ρ3 log ρh(3) + . . . ,
φ(x, ρ) = φ(0) + ρ φ(1) + ρ log ρψ(1) + ρ2φ(2) + . . . .
In this case, by considering the first equation at the leading order we get the same
result for g(1) in (3.10). However, the expression for g(2) resulting from the first order,
must be modified as follows for d = 6 and α = 2:
g
(2)
ij = −
1
2(−4 + d)
(
R
(1)
ij + 2g
(1)
ik g
(1)k
j −
(
Tr(g(1)g(1))− 2Trg(2))g(0)ij
+
16(d− 2)Gpi
d− 1 φ(0)
2g
(0)
ij
)
, (4.13)
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where R
(1)
ij is the first order term in the expansion of the Ricci tensor
R
(1)
ij = −
1
2
g(1)ij +
1
2
∂k∂ig
(1)
jk +
1
2
∂k∂jg
(1)
ik −
1
2
∂i∂jTrg
(1)
=
L2
4(d− 2)(d− 1)
(
2(d− 1)∂k∂kRij − (d− 2)∂i∂jR + 4(d− 1)(RikRjk
−RklRlikj)− ∂k∂kRg(0)ij
)
. (4.14)
In fact, one can see the result in (4.13) apart from the last term, by virtue Bianchi
identity, is the same as the second formula in (3.10). The Ricci scalar is zero at this
order. Also Trg(2) that is another element for constructing of the anomaly is procured
directly from the third equation at the leading order as
Trg(2) =
1
4
Tr(g(1)g(1))− 4pidGN
(d− 1)φ(0)
2. (4.15)
By referring to the formula (3.13) one needs to find Trg(3) as well that is achieved from
the third equation at order ρ as
Trg(3) =
1
6
(
− Tr(g(1)g(1)g(1)) + 4Tr(g(1)g(2))− 5Trh(3) + 8piGN
(− 4φ(0)ψ(1)
+
2(2− 3d)
d− 1 φ(0)φ(1)
))
, (4.16)
however, the explicit form of g(3) is not granted by means of solving equations of motion.
In the absence of the scalar field, h(
d
2
) is traceless and covariantly conserved. How-
ever, the existence of relevant deformations at the same order, gives us
Trh(3) = − (−2 + 3d)8piGN
3(d− 1) φ(0)ψ(1). (4.17)
The form of ψ(1) is acquired by taking the scalar equation into consideration
ψ(1) = − 1
4
(
αTrg(1)φ(0) +φ(0)
)
. (4.18)
According to (3.13), the formula for the gravitational part of the anomaly is given by
A(α=2)g = −
6
16piGN
(
1
2
Trg(3) − 1
2
Tr(g(1)g(2)) +
1
4
Trg(1)Trg(2) − 1
8
Trg(1)Tr(g(1)g(1))
+
1
6
Tr(g(1)g(1)g(1)) +
1
48
(
Trg(1)
)3)
. (4.19)
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Now after exerting (4.16) with usage relations (4.13) and (4.15), we obtain
A(α=2)g =
−2d
768(d− 4)(d− 2)(d− 1)piGN
(
−R Trg(1) + (d− 2)(d− 1)
(
(d− 4)
(Trg(1))3 + (10− 3d)Trg(1)Tr(g(1)g(1)) + 4(d− 4)Tr(g(1)g(1)g(1))
)
+ gij(1)(
2(d− 1)Rij − (d− 2)∂i∂jR + 4(d− 1)
(
2(d− 2)g(1)ki g(1)kj −RkiRkj
+RkiljR
kl
)))− 5d
192piGN
Trh(3) − d
6
φ(0)ψ(1) − d(−2 + 3d)
48(d− 1)
(
Trg(1)(φ(0))2
+4φ(0)φ(1)
)
. (4.20)
However, the relation (4.20) is not a combination resembling (3.21) at the part involving
the scalar field. In particular, the explicit form of φ(1) is not determined from the
equations because the coefficient of this term at the first order of the scalar equation
(2.10) vanishes and at the next, order there is a relation between φ(1) and higher order
field, φ(2). In other words, φ(1) as a nonlocal field is not ascertained via information at
the boundary, i.e., g(0) and φ(0). However, there is another contribution to the anomaly
that comes from the mass term in the action [15] that was not involved in the previous
section due to the massless scalar. In the expansion of
√
g (φ(x, ρ))2 in (3.11), only
the terms at order one take part in the matter anomaly, and the result is
AM = −2α(d− α)
2(d− 1)
(
2φ(0)φ(1) +
1
2
Tr(g(1))(φ(0))
2
)
. (4.21)
In fact, the total anomaly is given by adding (4.20) and (4.21) involve terms with
scalars that are proportional to ψ(1) which is covariant under transformations, so the
covariance under transformations is recovered. The total anomaly for d = 6 is given
by
A(α=2)t =
−2
6× 210(d− 4)(d− 1)2(d− 2)2piGN
(
4d (d− 1)
(
d R R + (2 + 3d)RijRij
R− 4(d− 1)(RijRij + 2RijRklRikjl))− (2 + d)d2R3)− 1
288(d− 1)2
×
(
− 4(36 + d(−19 + 3d))R(φ(0))2 + d(d− 1)(2 + 3d)φ(0)φ(0)). (4.22)
The first two lines reproduce the results given in [14]13 in the absence of the scalar
field. Also the ratio of terms with two scalars is exactly the same as what we expect
in (3.21) for the six dimensional spacetime.
13beside a minus sign in our convention for the definition of the Ricci tensor and by virtue Bianchi
identity to the first term.
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4.3 k=1, general d
We now proceed to obtain the solution for a general dimension while the relation (4.3)
is satisfied, it means we set a constraint on the mass of the scalar field, on other words,
for other values of the mass basically there is no anomaly involving the scalar field,
therefore we are only interested in the solution in which the anomaly appears. In order
to find the anomaly in the presence of scalar field for a general dimension and of only
terms with two derivatives, we follow the procedure similar to the previous section. The
formula given in (3.15) by using the PBH transformations is singular for α = d
2
− 1, so
we employ the equations of motion to attain the anomaly. Here we suppose that α > 1
(or d > 4), therefore the formula for g(1) given in (3.10) is applicable to this case.14
Via making approach to the formula (3.13), one demands to solve the third equation
at order α− 1 to find
Trg(α+1) = − 1
α(1 + α)(d− 1)
(
(d− 1)
(
(1 + 2α)Trh(α+1) − C1α2Trg(1)(φ(0))2
)
+8piGd+1N α
(
(−2 + d+ dα)φ(0)φ(1) + 2(d− 1)φ(0)ψ(1)
))
, (4.23)
where C1 is obtained by setting (3.15) in the third equation and considering the order
α− 2
C1 = − 4piG
d+1
N
d− 1 , (4.24)
also the coefficient of the logarithmic term at this order is
Trh(α+1) = − 8piG
d+1
N (−2 + d+ dα)φ(0)ψ(1)
(1 + α)(d− 1) , (4.25)
where ψ(1) is the same as before (4.18). Indeed, this form of ψ(1) is universal and is
applicable to any specific dimension with the same number of derivatives and of scalar
fields in the anomaly. However, g(α+1) is not obtainable through solving the equations
of motion since at this order its coefficient vanishes. We find this component for a
different value of α in the next section.
The gravitational part of the anomaly by noticing the formula (3.19) and (4.23) is
14Although in the next section we refer to the formula in this section for α > 2.
25
specified as
A(α=
d
2
−1)
g = − −2d
16piGd+1N
(
(1 + 2α)
2α(1 + α)
Trh(α+1) +
piGN(−2 + d+ dα)
(d− 1)(1 + α)
(
Trg(1)(φ(0))2
+4φ(0)φ(1)
)
+
8piGd+1N
1 + α
φ(0)ψ(1)
)
, (4.26)
and the matter anomaly is the same as (4.21). In conclusion, only a combination
proportional to ψ(1) remains in the total anomaly, see (4.25). After substitution of
the trace of g(1) in (3.10) and the expressions (4.23), (4.25) and removing the total
derivative, for α = d
2
− 1, we attain
A(α=
d
2
−1)
t =
−2
2d
(
(d− 2)
4(d− 1)R(φ
(0))2 + ∂kφ(0)∂kφ
(0)
)
, (4.27)
and therefore the anomaly maintains the covariant description in (3.21).
4.4 k=2, general d
In this section, we aim to find the anomaly which has the structure of four derivatives
and of two scalar fields, for a general dimension, through solving the equations of
motion. For this purpose similar to before we solve the coupled system of the first
and third equations in (2.13) by inserting the expansions (3.25) and the first term in
(4.4) into the equations that is straightforward but somewhat tedious. Again note that
this progress breaks down at α = d
2
− 2 and the coefficient of φ2 vanishes, therefore a
logarithmic term is required to get the full solution of the back-reaction of the scalars
to the bulk geometry. From the formula (3.26), we need to pursue different components
in order to construct the anomaly. The explicit form of g(α+1) is determined via the
first equation in (2.13) at order α
g
(α+1)
ij =
1
(d− 1)(1 + α)(2− d+ 2α)
(
(d− 1)
(
R
(α)
ij + (1 + α)Trg
(α+1)g
(0)
ij
)
+8piGd+1N
(
(−2 + d− α)αg(1)ij (φ(0))2 + αg(0)ij
(
Trg(1)(φ(0))2 + 2(d− α)φ(0)φ(1))
−(d− 1)∂iφ(0)∂jφ(0)
))
, (4.28)
where the expansion of the Ricci tensor at this order is
R
(α)
ij = −
1
2
∂k∂
kg
(α)
ij +
1
2
∂k∂ig
(α)
jk +
1
2
∂k∂jg
(α)
ik −
1
2
∂i∂jTrg
(α)
=
C1
2
(
− g(0)ij ∂k∂k(φ(0))2 + (2− d)∂i∂j(φ(0))2
)
, (4.29)
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where it is related to the second derivative of the scalar fields, as expected because
only g(α) gets contribution at this order. The Ricci scalar reads
R(α) = (1− d)C1∂k∂k(φ(0))2. (4.30)
The trace of g(α+1) is the same as (4.23) if we remove the first and last terms. At the
same order of the third equation, for given α, by considering the cyclic property of the
trace, we have a factor of two for the terms including four components of the metric,
as a result, we have
Trg(α+2) =
1
(d− 1)(1 + α)(2 + α)
(
(d− 1)
(
Tr(g(1)g(α+1))(1 + α)2 − Trh(α+2)(3 + 2α)
)
+4piGd+1N
(
(1 + α + α2)Tr(g(1)g(1))(φ(0))2 − (2 + α + α2)Trg(2)(φ(0))2
+4(1 + α)− d(4 + α(3 + α)))(φ(1))2 − 2α((− 4 + d(3 + α))φ(0)φ(2)
+2(d− 1)φ(0)ψ(2)
)))
, (4.31)
where we have inserted the components of the inverse of the metric, for instance, we
have
G
(−1)ij
(α) = −gik(0)g(α)kl glj(0). (4.32)
In general the explicit forms of g
(1)
ij and g
(2)
ij that are given by the first equation in
(2.13), depending on the value of α, can receive extra terms coming from the first
term in rhs of this equation, however, for α > 2 the formulas resulted from the PBH
transformation given in (3.10) are applicable.
Similar to before, from the third equation (2.13), the coefficient of ρα log ρ indicates
Trh(α+2) = − 8piG
d+1
N α(−4 + 3d+ dα)
(d− 1)(1 + α)(2 + α) φ
(0)ψ(2). (4.33)
Also at order one of the scalar equation (2.10), one gets
φ(2) =
1
8(d− 2α− 4)
(
− 2gkl(1)∂k∂lφ(0) + 2φ(1) + (2α + 4)Trg(1)φ(1) + ∂kTrg(1)∂kφ(0)
−2∂kg(1)kl ∂lφ(0) − 2αφ(0)
(
Tr(g(1)g(1))− 2Trg(2)
))
. (4.34)
Albeit above expression is reaped without considering the logarithmic term and it is
not valid for the chosen value of α in this section, because the expansion at order two
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is truncated. However, it turns out that this expression is proportional to our result
given by the PBH transformations (3.27)
Since φ(2) for α = d
2
− 2 is singular, it is essential to add a logarithmic term at the
corresponding order, and the corresponding coefficient reads as
ψ(2) = − (d− 2α− 4)
2
φ(2). (4.35)
In fact we will see this covariant combination is also the possible combination that
constructs the anomaly. The explicit form of ψ(2) in terms of curvature and scalar field
and its derivatives after substitution of the expressions for g
(1)
ij and g
(2)
ij in (4.35), is
revealed as
ψ(2) = − 1
32
(
φ(0) −
(
8 + (d− 4)d)
2(d− 2)(d− 1)R φ
(0) − (d− 4)
4(d− 1)Rφ
(0) +R2φ(0)
×
(d− 4)
(
− 16 + d(16 + (d− 4)d))
16(d− 2)2(d− 1)2 −
(d− 4)
(d− 2)2RklR
klφ(0) +
4
d− 2
Rkl∂
k∂lφ(0) − (d− 6)
2(d− 1)∂kR∂
kφ(0)
)
(4.36)
Notice that φ(2) was canceled in above expression.
The anomaly pertaining to the gravitational part of the action is given by consid-
ering the first part of (3.12) and the formula (3.26)
A(α=
d
2
−2)
g =
−2d
16piGd+1N
(
1
2
(
Trg(α+2) − Tr(g(1)g(α+1))− Tr(g(2)g(α)) + Tr(g(1)g(1)g(α))
)
+
1
4
(
Trg(1)Trg(α+1) + Trg(2)Trg(α) − Tr(g(1)g(α))Trg(1)
)
−1
8
Tr(g(1)g(1))Trg(α) +
3
48
(
Trg(1)
)2
Trg(α)
)
,
where we have applied the relation (4.28).
The matter anomaly in this case by referring to the second part of (3.11) becomes
A
(α= d
2
−2)
M =
−2α(d− α)
2(d− 1)
(
2φ(0)φ(2) + φ(1)φ(1) +
1
2
Trg(2)(φ(0))2 + Trg(1)φ(0)φ(1)
− 1
4
Tr(g(1)g(1))(φ(0))2 +
1
8
(
Trg(1)
)2
(φ(0))2
)
.
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Adding these two parts gives us the total anomaly
A(α=
d
2
−2)
t = −
−2
8(d− 2)
(
8(d− 4)φ(0)ψ(2) + (d− 1)
piGd+1N
Trh(α+2) + (φ(0))2 + 2(1 + α)
Trg(1)φ(0)φ(0) + α(2 + α)
(
Trg(1)
)2
(φ(0))2 + 4g
(1)
ij ∂
iφ(0)∂jφ(0) −
R
(α)
ij g
ij
(1)
2piGd+1N
− (d− 2)
2
d− 1 Tr(g
(1)g(1))(φ(0))2 +
4d
d− 1Trg
(2)(φ(0))2 − g
(1)
ij ∂
iφ(0)∂jφ(0)
2(d− 2)
)
.
(4.37)
Similar to the previous section the contribution of φ(2) in the gravitational part of
the anomaly, which is not determined through solving the equations of motion, is
canceled by the corresponding term in the matter anomaly for α = d/2 − 2. Since
Trh(α+2) is proportional to ψ (see (4.33)) and is already in the covariant form. We only
need to clear that the rest of the terms in above expression are in the same covariant
combination. We call the the collection of terms in the square brackets apart from
the first two terms as T . After substitution different components and using by part
integration, we have
T = − −2
8(d− 2)
(
(φ(0))2 − (1 + α)
d− 1 Rφ
(0)φ(0) − (d− 4)
(d− 2)2RijR
ij(φ(0))2 +R2(φ(0))2
d2
(
3 + α(2 + α)
)
+ 4
(
4 + α(2 + α)
)
(1− d)
4(d− 2)2(d− 1)2 +
2
(d− 2)(d− 1)R ∂
kφ(0)∂kφ
(0)
+
1
d− 1Rij∂
i∂j(φ(0))2 − 4
d− 2Rij∂
iφ(0)∂jφ(0)
)
,
where it is manifestly covariant under the PBH transformations, because it is propor-
tional to the definition of ψ(2) for α = d/2− 2, i.e.,
T = − 8
(d− 2)φ
(0)ψ(2).
Finally from the formula (4.37), the total conformal anomaly becomes
At =− 16
d
φ(0)ψ(2),
where ψ(2) is given in (4.36). This is the anomaly formula for the scalar field which
depends on the coordinates of the boundary spacetime.
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4.5 n=2, k=1, general d
In this section, we aim to find the anomaly for four scalars with two derivatives. In the
case of k = 1 and n = 2, the value of α is specified by considering (4.3) as α = (d−2)/4.
The applicable expansions of the scalar field and of the metric are as follows:
φ(α=
d
4
− 1
2
) = φ(0) + ρ φ(1) + . . .+ ρα
(
φ(α) + ρφ(α+1) + ρ log ρψ(α+1) + . . .
)
+ . . . ,
g(α=
d
4
− 1
2
) = g(0)ij + ρ g
(1)
ij + . . .+ ρ
α
(
g(α)ij + ρg
(α+1)
ij + . . .
)
+ ρ2α
(
g(2α) + ρg(2α+1) + ρ log ρh(2α+1)ij + . . .
)
. (4.38)
Since the action (2.12) is invariant under Φ→ −Φ, the components at orders with odd
coefficients of α
2
vanish in above expansions.
Here one needs to explore the different elements to build the anomaly (3.13). From
the third equation at orders α− 2, α− 1 and 2α− 2, we get, respectively
Trg(α) = − 4dpiG
d+1
N
d− 1 (φ
(0))2,
Trg(α+1) =
α
(1 + α)
Tr(g(1)g(α))− 8piG
d+1
N (−2 + d+ dα)
(d− 1)(1 + α) φ
(0)φ(1),
Trg(2α) =
(−2 + 3α)
4(−1 + 2α)Tr(g
(α)g(α)) +
4piGd+1N (d+ 2α− 3dα)
(d− 1)(−1 + 2α) φ
(0)φ(α), (4.39)
and finally at order 2α− 1, we obtain
Trg(2α+1) =
1
2α(d− 1)(1 + 2α)
(
(d− 1)
(
− (1 + 4α)Trh(2α+1) + 4α2Tr(g(1)g(2α))
+α
(− 3αTr(g(1)g(α)g(α)) + (1 + 3α)Tr(g(α)g(α+1))))− 8piGd+1N
α
((− 2(3 + α) + d(5 + 3α))φ(1)φ(α) + (−2 + d− 2α + 3dα)φ(0)φ(α+1)
+2(d− 1)φ(0)ψ(α+1)
))
, (4.40)
where we used the component of the inverse metric given in (4.32) and also
G
(−1)ij
(α+1) = −g(0)ikg(α+1)kl g(0)lj + g(0)img(1)mng(0)nkg(α)kl g(0)lj + g(0)ikg(α)kl g(0)lmg(1)mng(0)nj.
Furthermore at this order, the coefficient of log ρ gives us
Trh(2α+1) =− 4piG
d+1
N
(
d+ 3dα− 2(1 + α))
(d− 1)(1 + 2α) φ
(0)ψ(α+1). (4.41)
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From the scalar equation at orders α− 1 and α, one gets
φ(α) =
α
2(d− 4α)Trg
(α)φ(0), (4.42)
ψ(α+1) = − 1
16(2 + d)
(
16 φ(α) + (d2 − 4)
(
Trg(α+1)φ(0) − Tr(g(1)g(α))φ(0)
)
+ (d− 2)(d+ 6)Trg(α)φ(1) + 12d Trg(1)φ(α) − 8(3Trg(1)φ(α) − ∂iφ(0)∂iTrg(α)
+ 2∂ig
ij
(α)∂jφ
(0) + 2∂i∂jφ
(0)gij(α)
))
,
and after simplification, we find
ψ(α+1) =
1
16(d− 1)2(d+ 2)
(
− 16(d− 1)2∂k∂kφ(α) + piGd+1N (d− 2)
(
4(d− 1)(16 + 3d)
φ(0)(φ(0))2 − (d− 2)(8 + 3d)R(φ(0))3 + 32(d− 1)∂k(φ(0))2∂kφ(0)
))
, (4.43)
where the first term of the above expression by using the the first formula in (4.42) is a
total derivative, so it is removed by adding the appropriate contact term to the action.
By using by part integration, we get
ψ(α+1) =
(d− 2)(8 + 3d)piGd+1N
16(d− 1)2(d+ 2) (φ
(0))2
(
4(d− 1)φ(0) − (d− 2)R φ(0)
)
. (4.44)
It is easy to see that the ratio of the coefficients is the same as what we expect from
(3.21). As a next step, from the first equation at orders α− 1 and α, one has
g
(α)
ij = −
1
d− 2αg
(0)
ij Trg
(α) +
8piGd+1N (−d+ α)
(d− 1)(d− 2α) g
(0)
ij (φ
(0))2, (4.45)
g
(α+1)
ij =
1
(d− 1)(1 + α)(2− d+ 2α)
(
(d− 1)
(
R
(α)
ij + 2αg
(1)k
j g
(α)
ik + 2αg
(1)k
i g
(α)
jk
+ (1− α)g(α)ij Tr g(1)
)
+
(
(d− 1)(1 + α)(Tr g(α+1) − Tr(g(1)g(α))))g(0)ij
+ 8piGd+1N
(
(d− α)αφ(0)(g(1)ij φ(0) + 2g(0)ij φ(1))− (d− 1)∂iφ(0)∂jφ(0)
))
.(4.46)
In above the formulas for g(1) and φ(1) are given in (3.10) 15 and (3.22). The formula
for R
(α)
ij is the same as (4.29) with the corresponding value of α.
The last required element, coming from the order 2α− 1, is
g
(2α)
ij =
1
2(d− 1)(d− 4α)
(
(d− 1)
(
− 2αg(α)ki g(α)jk + (−1 + α)g(α)ij Trg(α) + g(0)ij
(− 2Trg(2α)
+Tr(g(α)g(α))
))
+ 8piGd+1N (−d+ α)
(
(φ(0))2g
(α)
ij + 2g
(0)
ij φ
(0)φ(α)
))
, (4.47)
15With the same reason given in section 4.3, we suppose α > 1.
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where we have used the fact that the Ricci tensor does not receive any component at
this order.
The expressions for two parts of the anomaly are
A(α=
d
4
− 1
2
)
g =
−2d
16piGd+1N
(
1
2
Trg(2α+1) − 1
4
(
2Tr(g(1)g(2α)) + 2Tr(g(α)g(α+1))
)
+
1
8
(
2Trg(1)
Trg(2α) + 2Trg(α)Trg(α+1)
)
− 1
8
(
2Trg(α)Tr(g(1)g(α)) + Trg(1)Tr(g(α)g(α))
)
+
1
6
(
3Tr(g(1)g(α)g(α))
)
+
1
48
(
3Trg(1)
(
Trg(α)
)2))
,
(4.48)
A(α=
d
4
− 1
2
)
M =
−2α(d− α)
2(d− 1)
(
2φ(1)φ(α) + 2φ(0)φ(α+1) +
1
2
(
2Trg(1)φ(0)φ(α) + 2φ(0)φ(1)
Trg(α) + Trg(α+1)(φ(0))2
)
− 1
4
(
2Tr(g(1)g(α))(φ(0))2
)
+
1
8
(
2(φ(0))2
Trg(1)Trg(α)
))
. (4.49)
After inserting all the corresponding metric and scalar components, the value of the
total anomaly with one derivative and four scalar fields becomes
A(α=
d
4
− 1
2
)
t =−
−2d
4(1 + 2α)
(
φ(0)ψ(α+1) +
(1 + 4α)
16piGd+1N α
Trh(2α+1)
)
=
−2(d+ 2)
4d
φ(0)ψ(α+1).
Note that in the first equality, the contributions only come from Trh(2α+1) and ψ(α+1)
and other terms have canceled each other. In the last equality, we have used the
relation (4.41). The formula for ψ(α+1) is given in (4.44).
4.6 n=2, k=0, general d
Here we wish to determine the anomaly in the case of four powers of the scalar field.
Therefore, from the formula (4.3), one has α = d/4. The related expansions are
g(α=
d
4
) = g(0) + ρ g(1) + . . .+ ρα
(
g(α) + ρg(α+1) + . . .
)
+ ρ2α
(
g(2α) + log ρh(2α) + . . .
)
+ . . .
φ(α=
d
4
) = φ(0) + ρ φ(1) + . . .+ ρα
(
φ(α) + log ρψ(α) + . . .
)
+ . . . (4.50)
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Considering the third equation, the formula for g(α) remains the same as (4.45). At
order α− 2, it is manifested that
Trg(2α) =
1
4(d− 1)α(−1 + 2α)
(
(d− 1)
(
α(−2 + 3α)Tr(g(α)g(α))− 2(−1 + 4α)Trh(2α)
)
+16piGd+1N α
(
(d+ 2α− 3dα)φ(0)φ(α) − 2(d− 1)φ(0)ψ(α)
))
, (4.51)
and the coefficient of the logarithmic term induces
Trh(
d
2
) =
4piGd+1N (d+ 2α− 3dα)
(d− 1)(−1 + 2α) φ
(0)ψ(α), (4.52)
where ψ(α) is obtained from the scalar equation at order α− 1
ψ(α) = − d
16
Trg(α)φ(0). (4.53)
The results for the contributions to the anomaly are
A(α=
d
4
)
g =
−2d
16piGd+1N
(1
2
Trg(2α) − 1
4
Tr(g(α)g(α)) +
1
8
(
Trg(α)
)2)
,
A(α=
d
4
)
M =
−2α(d− α)
2(d− 1)
(
2φ(0)φ(α) +
1
2
Trg(α)(φ(0))2
)
, (4.54)
and the total anomaly has the following structure:
A(α=
d
4
)
t = −
−2
16(d− 2)(d− 1)piGd+1N
(
2(d− 1)2Trh(2α) + 8d(d− 1)piGd+1N φ(0)ψ(α)
+(piGd+1N )
2d3(φ(0))4
)
. (4.55)
However, by using the formulas given in (4.52) and (4.53), in this case, the total
anomaly becomes zero. That is, there is not a possibility of receiving a contribution of
the four powers of the scalar field in the anomaly.
4.7 n=3, k=0, general d
We reiterate the discussion in the previous section, in the case of six powers of the
scalar field to realize whether there is a contribution to the anomaly for α = d/6. The
corresponding expansions are
g(α=
d
6
) = g(0) + ρ g(1) + . . .+ ραg(α) + ρ2αg(2α) + ρ3αg(3α) + ρ3α log ρh(3α) + . . . ,
φ(α=
d
6
) = φ(0) + ρ φ(1) + . . .+ ραφ(α) + ρ2αφ(2α) + ρ2α log ρψ(2α) + . . . . (4.56)
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We have already obtained some of the above components including g(α), g(2α) and φ(α)
in (4.45), (4.47) and (4.42), respectively, for the given value of α in this section. From
the third equation at order 3α, one obtains
Trg(3α) =
1
3(d− 1)α(−1 + 3α)
(
(d− 1)α(−3 + 7α)Tr(g(2α)g(α)) + α(−1 + d+ 2α− 2dα)
Tr(g(α)g(α)g(α)) + (−1 + d+ 6α− 6dα)Trh(3α) + 4piGd+1N α
(
(d+ 8α− 9dα)
(φ(α))2 + 2
(
(d+ 4α− 5dα)φ(0)φ(2α) − 2(d− 1)φ(0)ψ(2α)))). (4.57)
Also at the same order, by considering the logarithmic term, we have
Trh(3α) =
8piGd+1N (d+ 4α− 5dα)
3(d− 1)(−1 + 3α) φ
(0)ψ(2α), (4.58)
where ψ(2α) according to the order 2α− 1 of the scalar equation is
ψ(2α) =
d
48
(
− 2Trg(2α)φ(0) + Tr(g(α)g(α))φ(0) − 3Trg(α)φ(α)
)
. (4.59)
The contributions to the anomaly are coming from
A(α=
d
6
)
g =
−2d
16piGd+1N
(1
2
Trg(3α) − 1
4
(
2Tr(g(α)g(2α))
)
+
1
8
(
2Trg(α)Trg(2α)
)
− 1
8
Trg(α)Tr(g(α)g(α)) +
1
6
Tr(g(α)g(α)g(α)) +
1
48
(
Trg(α)
)3)
,
A(α=
d
6
)
M =
−2α(d− α)
2(d− 1)
(
2φ(0)φ(2α) + (φ(α))2 +
1
2
(
Trg(2α)(φ(0))2 + 2Trg(α)φ(0)φ(α)
)
− 1
4
Tr(g(α)g(α))(φ(0))2 +
1
8
(
Trg(α)
)2
(φ(0))2
)
, (4.60)
and the total anomaly becomes
A(α=
d
6
)
t =−
−2d
3(d− 2)
(
φ(0)ψ(2α) +
3(d− 1)
8piGd+1N d
Trh(3α) − (piG
d+1
N )
2d3
3(d− 1)2 (φ
(0))6
)
. (4.61)
The same as before, we see that the anomaly after inserting of the formulas given in
(4.58) and (4.59) vanishes.
5 Discussion
We have used the AdS/CFT correspondence that prescribes a duality between
bulk/boundary observables in order to construct iteratively the bulk solutions from
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CFT data. We did not have any assumption except that the CFT has an AdS dual.
We then proceeded to investigate logarithmically divergent part of the asymptotic so-
lution to find the conformal anomaly. All infrared divergences of the bulk on-shell
action can be obtained in terms of boundary value of fields. Our discussion for scalar
fields can be straightforwardly generalized to other kinds of matter [26, 27].
However, in general, a knowledge of sources in the CFT is not sufficient to construct
the complete bulk metric-scalar solution. By additional information from the expecta-
tion value of the dual operators, the undetermined non-local coefficients in each case
are obtainable. On the other hand we expect by using the information from the trace
and divergence of g(d) one can find the explicit form which satisfies these constraints.
Therefore, this way one could obtain a quantity that is directly related to expectation
value of the corresponding boundary stress-energy tensor in any dimension d. Also
the solution to the deep interior region is accessible by extra CFT data (for instance
non-local observables such as Wilson loop, Wilson surfaces, etc).
In our discussion we supposed certain covariant terms appeared in the anomaly
depending on the relevant deformation exist in the boundary theory. To solve the
equations of motion we only discussed a specific action combining of (2.1) and (2.7).
For a general gravitational action which involves a function of the curvature and its
covariant derivatives with the possible coupling to any number of matter fields and their
derivatives such that d+ 1 diffeomorphism leaves it unchanged, a Weyl transformation
of the on-shell action gives the anomaly. There are two independent types of trace
anomalies that are related to the terms that are present in the effective action. The
type A anomaly which has the Euler density structure in the desired dimension and the
type B anomalies that are an Weyl invariant expression constructed of the contraction
of the Weyl tensors or covariant derivatives of the Weyl tensor [13]. In our calculation
we get the form of the type A anomaly for a specific choice of dimensions related to the
pure gravity part. From the PBH transformation point of view the type B anomalies
are not universal in the sense they appear with arbitrary coefficients. However, these
coefficients are fixed by using the equations of motion pertaining to the chosen form of
the action.
Throughout this paper we only take the Einstein gravity action into consideration.
If higher derivative corrections are included in the action such as contractions of Weyl
Tensors and combinations of curvature tensors like Rn [25, 28, 29], we anticipate that
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the result for the anomaly will be modified. That is, while the general structure will
be the same, the coefficients will have new values depending on the extra gravitational
couplings. However, with existence higher derivative corrections in the action, in order
to figure out all the coefficients in the expansions of the metric and scalar field, one
needs information of the higher point functions of the stress-energy tensor as well.
In addition in our calculations we found that with a free bulk scalar, the anomaly
vanishes for some power of the scalar field with n > 2. It is expected by introducing
a potential with higher order interactions for the bulk scalar in the action, we will get
non-zero contributions of this form to the anomaly. Another extension of the present
work would be studying renormalization group flows that are produced by adding a
potential for the bulk scalar. One can use the present approach to extend the related
discussion to any dimension d. However, we are not yet able to relate our conclusions
to the properties of the conformal field theories in various dimensions.
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